Abstract. Cyclic arrangements are the only unavoidable simple arrangements of pseudolines: for each fixed m ≥ 1, every sufficiently large simple arrangement of pseudolines has a cyclic subarrangement of size m. In the same spirit, we show that there are three unavoidable arrangements of pseudocircles.
Introduction
A pseudoline is a noncontractible simple closed curve in the projective plane RP
2 . An arrangement of pseudolines of size m (or an m-arrangement) is a set of m pseudolines in which each two pseudolines cross each other at exactly one point. Two arrangements of pseudolines are isomorphic if the cell complexes they induce in RP 2 are isomorphic. An arrangement of pseudolines is simple if no three pseudolines have a common point. A simple arrangement is cyclic if its pseudolines can be labelled 1, 2, . . . , m, so that each i ∈ [m] intersects the pseudolines in {1, 2, . . . , m} \ {i} in increasing order. We use A m to denote a cyclic arrangement of size m. See Figure 1 . In the spirit of [9] , the following result states that cyclic arrangements are the only unavoidable arrangements of pseudolines. We prove an analogue of Theorem 1 for arrangements of pseudocircles. A pseudocircle is a simple closed curve in the sphere S 2 . We use Grünbaum's original notion that an arrangement of pseudocircles is a set of pseudocircles that pairwise intersect at exactly two points, at which they cross, and no three pseudocircles have a common point [4] . This notion is still adopted nowadays [8] , and some more general notions are also used in the literature [2, 5] .
In Figure 2 we illustrate arrangements C 1 5 , C
, C
, and it is clear how to generalize them to C (right).
We use Ramsey theory in our arguments. We recall that r k ( 1 , 2 , . . . , n ) denotes the Ramsey number for complete k-uniform hypergraphs: if each k-edge of a complete k-uniform hypergraph has colour i for some i ∈ [n], then there is an i ∈ [n] and a complete subhypergraph of size i , all of whose k-edges have colour i.
Intersection codes
We work with intersection codes, as developed in [6, 8] . This framework, in which one naturally encodes combinatorially essential information of an arrangement of pseudocircles, can be seen as a generalization of the axiomatization of oriented matroids based on hyperline sequences [1] , and its essence goes back to the work of Gauss on planar curves in the 1830s.
Let P be an arrangement of pseudocircles, whose pseudocircles are labelled 1, 2, . . . , n. Suppose that we choose for each i ∈ P a point p i not contained in any other pseudocircle, and also choose one of the two possible orientations for i, so that for each pseudocircle we can naturally speak of a left side and a right side. Suppose that as we traverse i starting at p i following the chosen orientation, we intersect j from the left (respectively, right) side of j. We record this by writing j + (respectively, j − ). By keeping track of the order in which the intersections occur, we obtain the code of i in P. Thus the code of each i is a permutation of the set j∈[n]\{i} {j + , j − }. For instance, suppose that P is C 2 5 in Figure 2 . Choose the clockwise orientation for each pseudocircle. If we choose as starting point for 1 its leftmost point, then its code is 2
We make essential use of the following.
Proposition 3 ([6, Section 3],[8, Section 2]). Let P, Q be arrangements of pseudocircles labelled with 1, 2, . . . , n, where an orientation and an initial traversal point has been chosen for each pseudocircle in P and each pseudocircle in Q. Suppose that for each i ∈ [n], the code of i in P is identical to the code of i in Q. Then P and Q are isomorphic.
We finally introduce some notation to describe the codes of C in a compact manner. If 1≤i≤m are integers, we denote 1
. Finally, we denote 1 in Figure 2 . If we orient all pseudocircles clockwise and for each pseudocircle choose as initial traversal point its leftmost point, then the code of each
with the natural extension of the labelling of C 3 5 in Figure 2 . If we orient all pseudocircles clockwise, and for each pseudocircle choose as initial traversal point its bottom right corner, then the code of each i ∈ C
Proof of Theorem 2
Throughout this section, for brevity we often refer to an arrangement of pseudocircles simply as an arrangement.
There are, up to isomorphism, only two arrangements of size 3. Following [2] (see also [3] ), we call them the Krupp arrangement and the NonKrupp arrangement. We refer the reader to Figure 3 . Note that the Krupp arrangement is isomorphic to C 1 3 , and the NonKrupp arrangement is isomorphic to C . If an arrangement P of size at least 3 has all its 3-subarrangements isomorphic to the Krupp arrangement (respectively, to the NonKrupp arrangement), then we say that P is Krupp-packed (respectively, NonKrupp-packed). Let p ≥ 1 be a fixed integer, and let Q be an arrangement of size q = r 3 (p, p). We regard Q as a complete 3-uniform hypergraph, and colour a 3-edge blue (respectively, red) if the pseudocircles in the 3-edge form an arrangement isomorphic to the Krupp arrangement (respectively, to the NonKrupp arrangement). Since q = r 3 (p, p), by Ramsey's theorem Q has a subarrangement P of size p that is either Krupp-packed or NonKrupp-packed.
From this observation it follows that in order to prove Theorem 2 it suffices to consider Krupp-and NonKrupp-packed arrangements. We investigate these possibilities separately. For NonKrupp-packed arrangements our approach is within the framework of intersection codes. For Krupp-packed arrangements we could also give a proof using this framework, but instead we follow an approach that seems a lot more concise and elegant.
3.1. Krupp-packed arrangements. The key fact we use here is the following (see [11, Section 6.1.4] ). Every Krupp-packed arrangement (known in the literature as an arrangement of great pseudocircles) is naturally induced from some simple arrangement B of pseudolines by suitably gluing together two wiring diagrams of B, as illustrated in Figure 4 .
Let q = r 3 (m, m), and let Q be a Krupp-packed arrangement of size q. Let B be a simple arrangement of pseudolines that induces Q, in the sense of the previous paragraph. Theorem 1 is also proved in [10] , where it is shown that for each n ≥ 1, every simple arrangement of pseudolines of size r 3 (n, n) has a subarrangement isomorphic to A n . Since q = r 3 (m, m), then B has A m as a subarrangement. The subarrangement of Q induced by the pseudolines in A m is obtained by suitably gluing together two copies of A m , and thus it is clearly isomorphic to C by suitably gluing together two wiring diagrams of A 5 .
3.2. NonKrupp-packed arrangements. We note that it suffices to prove Theorem 2 for m ≥ 5. Thus the theorem in this case is an immediate consequence of the following two statements.
Claim A. Let n ≥ 5 be a fixed integer. Every sufficiently large NonKrupp-packed arrangement of pseudocircles has a subarrangement N of size n, whose pseudocircles can be labelled 1, 2, . . . , n, so that there is a Jordan curve ρ with the following properties: (i) ρ crosses each pseudocircle of N exactly twice, and as we traverse ρ we encounter these intersections in the order 12 · · · nn · · · 21; and (ii) one of the connected components of S 2 \ {ρ} contains all the intersections among the pseudocircles in N . Proof of Claim A. Let p = r 2 (n, n) and q = r 3 (p + 1, p + 1, p + 1, p + 1). Let Q = {1, 2, . . . , q} be a NonKrupp-packed arrangement of size q. For each j ∈ Q choose any point a j not contained in any other pseudocircle of Q, and choose any of the two orientations of j. The NonKrupp-packedness of Q implies that if k, ∈ Q \ {j} then, as we traverse j starting at a j , we encounter its intersections with k and either: (i) in the order kk; or (ii) in the order kk ; or (iii) in the order k k; or (iv) in the order kk .
Regard Q as a complete 3-uniform hypergraph, and colour a 3-edge {j, k, } with j<k< with colour (i), (ii), (iii), or (iv), depending on which of these scenarios holds. By Ramsey's theorem, Q has a subarrangement P = {1 , 2 , . . . , (p + 1) }, with 1 <2 < · · · <(p + 1) , all of whose edges are of the same colour. Suppose all 3-edges are of colour (iii). Then by relabelling the pseudocircles in the reverse order, we obtain an arrangement in which all 3-edges are of colour (ii). If all 3-edges are of colour (iv), then by relabelling the pseudocircles in the reverse order, we obtain an arrangement in which all 3-edges are of colour (i). Thus we may assume that either all 3-edges are of colour (i), or they are all of colour (ii). For convenience we relabel the pseudocircles in P with 1, 2, . . . , p, p + 1.
Suppose all the 3-edges of P are of colour (i). Then, for each i ∈ P, as we traverse i starting from a i we encounter its intersections with i + 1, i + 2, . . . , p + 1 in the order (i + 1)(i + 1)(i + 2)(i + 2) · · · (p + 1)(p + 1). It is easy to check by hand that this scenario is impossible if p = 4, and hence if p > 4. Thus all the 3-edges of P are of colour (ii). In this case, for each i ∈ P, as we traverse i starting from a i we encounter its intersections with i+1, i+2, . . . , p+1 in the order (i+1)(i+2) · · · p(p+1)(p+1)p · · · (i+2)(i+1). In particular, we encounter the intersections of 1 with 2, 3, . . . , p + 1 in the order 23 · · · (p + 1)(p + 1) · · · 32.
We now let ρ = 1, and relabel each pseudocircle j ∈ {2, 3, . . . , p + 1} with j − 1. Then the relabelled arrangement P := {1, 2, . . . , p} and ρ satisfy (i) in Claim A.
Let α, β be the connected components of S 2 \ {ρ}. The order in which ρ intersects the pseudocircles in P implies that for each i, j ∈ P , both intersections between i and j occur either in α or in β. We now regard P as a complete graph, and colour an edge ij blue (respectively, red) if the intersections between i and j occur in α (respectively, β). By Ramsey's theorem, P has a subarrangement N = {1 , 2 , . . . , n } of size n, with 1 < 2 < · · · < n , all of whose edges are of the same colour. In either case, all the intersections among pseudocircles in N occur in the same connected component of S 2 \ {ρ}. Finally, for each i ∈ [n] we relabel the pseudocircle i with i. The resulting arrangement and ρ satisfy (i) and (ii) in Claim A.
Proof of Claim B. Let q = r 3 (m, m, m, m), and n = r 3 (q, q). Let N = {1, 2, . . . , n} be an arrangement with a Jordan curve ρ that satisfies (i) and (ii) in Claim A. For visualization purposes, it is convenient to assume (without loss of generality) that ρ is a circle, and that as we traverse ρ from its lowest point a to its topmost point b, following either subarc of ρ from a to b, we encounter its intersections with 1, 2, . . . , n precisely in this order. Let ∆ be the closed disk bounded by ρ that contains all intersections among the pseudocircles in N . Note that for each k ∈ N , one connected component α k of ∆\k contains a, and the other, which we denote β k , contains b. Thus the setup is as illustrated in Figure 5 . Figure 5 . The disk ∆ bounded by ρ contains all intersections among the pseudocircles 1, 2, . . . , n. We illustrate regions α k and β k of pseudocircle k.
Since P is NonKrupp-packed, then for any three pseudocircles j, k, in N , either both intersections of j and occur in α k , or they both occur in β k . We now regard N as a complete 3-uniform hypergraph, and colour a 3-edge {j, k, } with j<k< with colour α (respectively, β) if the intersections of j and lie on α k (respectively, β k ). By Ramsey's theorem, N has a subarrangement Q = {1 , 2 , . . . , q } of size q, with 1 <2 < · · · <q , all of whose 3-edges are of the same colour. Suppose all 3-edges of Q have colour α. By performing the relabelling i →(q − i + 1) for each i = 1 , 2 , . . . , q , and interchanging the labels of a and b, we get that in this relabelled arrangement all 3-edges have colour β. Thus we may assume that all 3-edges of Q have colour β. For convenience, we relabel the pseudocircles in Q as 1, 2, . . . , q. Now ρ can be naturally decomposed into a left hand side and a right hand side, and each of these sides contains one intersection of ρ with each i ∈ [q]. We orient each pseudocircle i ∈ Q so that, as we traverse i inside ∆, we go from the left hand side to the right hand side, as illustrated in Figure 6 . Let 1 ≤ j<k< ≤ q. Since the intersections between j and occur in β k , that is, above k, and Q is NonKrupp-packed, then there are only three possibilities for how j and can intersect, namely as shown in Figure 6 (a), (b), and (c). Thus the code of k in {j, k, } is either (1) Figure 6 . Illustration of the proof of Claim B.
We now regard Q as a complete 3-uniform hypergraph. We assign to a 3-edge {j, k, } with j<k< a colour in {1, 2, 3}, depending, respectively, on which one of (1), (2) , and (3) gives the code of k in {j, k, }. By Ramsey's theorem, Q has a subarrangement M = {1 , 2 , . . . , m }, where 1 <2 < · · · <m , all of whose 3-edges are of the same colour. If all the 3-edges are of colour 3, then by changing the traversal directions of all pseudocircles all the 3-edges become of colour 2. Thus we may assume that either all the 3-edges are of colour 1, or they are all of colour 2. For convenience we relabel the pseudocircles in M with 1, 2, . . . , m.
If all the 3-edges of M are of colour 1, then for each 1≤j<k< ≤m, the situation is as in Figure 6 (a). Thus (I) the code of j in {j, k, 
An open question
To prove Theorem 2 we make repeated use of Ramsey's theorem, and so an explicit bound for this theorem, derived from our proofs, would be multiply exponential. We wonder how far this is from the best possible bound. Does there exist a universal constant c > 0 such that, for each fixed m ≥ 1, every arrangement of pseudocircles of size 2 cm has a subarrangement isomorphic to one of C 
